Abstract. In [19] Schuster proved that mod 2 Morava K-theory K(s) * (BG) is evenly generated for all groups G of order 32. There exist 51 non-isomorphic groups of order 32. In [12] , these groups are numbered by 1, · · · , 51. For each of the groups G 38 , · · · , G 41 , that fit in the title, the explicit ring structure is determined in [5] . In particular, K(s) * (BG) is the quotient of a polynomial ring in 6 variables over K(s) * (pt) by an ideal generated by explicit polynomials. In this article we present some calculations using the same arguments in combination with a theorem of [2] on good groups in the sense of Hopkins-KuhnRavenel. In particular, we consider the groups G 36 , G 37 , each isomorphic to a semidirect product (C 4 × C 2 × C 2 ) ⋊ C 2 , the group G 34 ∼ = (C 4 × C 4 ) ⋊ C 2 and its non-split version G 35 . For these groups the action of C 2 is diagonal, i.e., simpler than for the groups G 38 , · · · , G 41 , however the rings K(s) * (BG) have the same complexity.
Introduction
The calculation of the Morava K-theory of classifying spaces of finite groups is largely motivated by a desire to understand these theories, which are a purely homotopy theoretic construct and thus lack a basis in geometry. This is one of the reasons calculations are generally difficult.
Nevertheless, in favourable cases K(s) * (BG) is generated by classes of geometric origin, i.e., Chern classes and transfers of Chern classes. In fact, this happens in most if not all successful calculations to date. Whenever Chern classes suffice to generate, one can use the structure of the representation ring and some approximations of formal group laws to produce explicit multiplicative relations among them [5] . For some groups one can obtain the ring structure in this way [27] , [3] , [4] , [20] , [21] , [22] , [23] , but obviously not whenever transfers of Chern classes are needed [19] , [5] .
In a previous article [6] , the first author and S. Priddy obtained formulas relating Chern classes of transfer bundles to transfers of Chern classes. As formal consequences of such formulas one obtains new relations (as well as often much simpler derivations of old ones), and the hope generally is that these combined methods prove sufficient. One can test this by calculating the rank in two ways: from the relations, and using the Euler characteristic formula of Hopkins-Kuhn-Ravenel [13] .
In the present paper we present some calculations along the lines of this programme. Our stated purpose is to determine the ring structure of the Morava K-theories of the groups in the title. It is known that the Morava K-theories of these groups are concentrated in even dimensions [19] , so the methods briefly described above apply. Furthermore, the groups we consider are the smallest examples of 2-groups where one needs transfer classes.
Preliminaries
Let K(s) * (BG), s > 1, be the s-th Morava K-theory of BG at prime p = 2. Note that by [15] , the coefficient ring K(s) * (pt) is the Laurent polynomial ring in one variable, which is usually denoted in our situation by F 2 [v s , v Recall from [13] the following definition.
a) For a finite group G, an element x ∈ K(s) * (BG) is good if it is a transferred Euler class of a complex subrepresentation of G, i.e., a class of the form T r * (e(ρ)), where ρ is a complex representation of a subgroup H < G, e(ρ) ∈ K(s) * (BH) is its Euler class (i.e., its top Chern class, this being defined since K(s)
* is a complex oriented theory), and T r : BG → BH is the stable transfer map.
(b) G is good if K(s) * (BG) is spanned by good elements as a K(s) * module.
The good groups in the weaker sense, i.e., K(s) odd = 0, also play a role in the literature [19, 20, 21, 26] .
In [17] , Kriz proved a theorem about the Serre spectral sequence [13] 
associated to a group extension 1 → H − → G − → C p → 1 for a p-group G and normal subgroup H ⊳ G with K(s) odd (BH) = 0. Namely in [17] Kriz proved that K(s) odd (BG) = 0 if and only if the integral Morava K-theoryK(s) * (BH) is a permutation module for the action of G/H ∼ = C p . Kriz in [17] and Yagita in [26] proved that an extension of an elementary abelian p-group by a cyclic p-group satisfies the even-dimensionality conjecture. For primes greater than 3, groups of prank 2 were shown to have even Morava K-theory by Tezuka-Yagita [24] and Yagita [25] . Furthermore, Yagita also proved that these groups are generated by transfered Euler classes and are thus good in the sense of Hopkins-Kuhn-Ravenel. Hunton [14] used "unitary-like embeddings" to show that if K(s) * (BH) is concentrated in even degrees, then so is K(s) * (BH ≀ C p ). An independent proof of the same fact in the sense HKR was given in [13] ;
One can consider the good groups in the stronger sense, i.e., K(s) * (BG) is generated by good elements as a K(s)
* -algebra and all generating relations are consequences of formal properties of the characteristic classes and transfer.
There exist 51 non-isomorphic groups of order 32. Among these groups, the groups with numbers 3, 14, 16, 31, 34, 39 and 41 can be presented as a semidirect product (C 4 × C 4 ) ⋊ C 2 , and the groups G = G 36 , G 37 , G 38 -as (
We consider the examples G 34 , · · · , G 37 to apply the following theorem of [2] on good groups in the sense HKR, which in our case reads as Theorem 2.1. Let H i and G i be finite 2-group, i = 1, 2, such that H i is good and
Let G fits into an extension of the form
ρ i : BG → BG i , the map, induced by projection H → H i on i-th factor, and let ρ * be the restriction of
by elements of ImT r * and Imρ * For our examples the action of G/H ∼ = C 2 is diagonal, i.e., is simpler than for the groups G 38 , · · · , G 41 , [5] , but as we shall see the ring structures have the same complexity.
To prove that Theorems 3.1 and 4.1 below, indeed give the ring structure we should (i) check the relations stated, and then to establish two facts: (ii) the classes defined generate, and (iii) the list of relations is complete.
For the first step (i) our tool is the formal properties of the transfer homomorphism.
Let H ⊳ G be of index 2. Consider the double covering ̺ : BH → BG. Let
be the associated transfer homomorphism induced by the stable transfer map [1] , [16] , [10] . For naturality and all formal properties enjoyed by the transfer, Frobenius reciprocity and the double coset formula, the best general reference is [22] .
We will need the following transfer formula from [6] .
Let ξ → BH be a complex line bundle and ξ ̺ = Ind G H (ξ) be its Atiyah transfer. Then
where ψ → BG is the pullback of the canonical line bundle over BZ/2 along the map BG → BZ/2 classifying ̺.
For the Chern classes u, v and T r * = T r * (H, G) the formula (1) implies
One has the following approximation formula for the formal group law in Morava K-theory ( [7] , Lemma 2.2 ii)).
where
We also will need the following Lemma [5] Lemma 2.2. The tensor square of a complex plane vector bundle ζ has the following total Chern class C(ζ
For the step (ii) our principal tool is the Serre spectral sequence (see [8] , [9] , [13] 
, where the action of C 2 is induced by conjugation in G.
As a C 2 -module K(s)(BH) is a direct sum of free F and trivial T modules. Here
and
. Also, via π * , the spectral sequence E * , * 2 (BG) is a module over the Atiyah-Hirzebruch spectral sequence E * , * 2 (BC p ) that converges to K(s) * (BC p ). The Fröbenius reciprocity of the transfer says that the composition ̺ * T r * is the trace map ̺ * T r * = 1 + t + t 2 + · · · + t p−1 , where t is the generator t ∈ G/H ∼ = C p . Clearly, the trace map ̺ * T r * always maps the good elements of K(s)
Cp . Hence the group G is good iff T is also covered by ̺ * -images of good elements.
In general if to operate roughly, even for s = 2, this requires a serious computational effort, see [22] p.78. One can to simplify this task by suggesting the special bases for particular C 2 -modules K(s) * (BH). This simple but convenient idea first was realised in [5] .
Finally one can test (iii) by calculating the rank χ s (G) = The Morava ring for G 38 , a semidirect product ∼ = (C 4 × C 2 × C 2 ) ⋊ C 2 was computed in [5] . The groups G 36 , G 37 can be treated similarly as follows. Let us recall the presentations
Let λ, µ and ν denote the following complex line bundles over BH. For H ⊳ G 36 , let
and for H ⊳ G 37 , let
be the pullbacks of the canonical complex line bundles along the projections onto the first, second and third factor of H respectively. The quotient of G by the centre Z ∼ = C 2 2 is isomorphic to C 3 2 . The projections on the three factors induce three line bundles. α, β and γ:
Let us denote Chern classes by
and for both cases
be the transfer homomorphism [1] associated to the double covering ρ : BH → BG and let
One our main result is the following
, cT , and
ii) Some other relations are 
Group G 34 and its non-split version G 35
Presentations of G 34 and G 35 are presented as follows:
Let G be either G 34 or G 35 and let H = a, b ∼ = C 4 × C 4 be the maximal abelian subgroup in G. Let λ, ν → BH denote the pullbacks of the canonical complex line bundles along the projections onto the first and second factor of H respectively:
The quotient of G by the centre Z ∼ = C 2 2 is isomorphic to C 3 2 . The projections on the three factors induce three line bundles. α, β and γ:
For both cases let us denote Chern classes by
Let T r * : K(s) * (BH) → K(s) * (BG) be the transfer homomorphism [1] associated to the double covering ρ : BH → BG and let 
Proof of Theorem 3.1
Bundle relations. Let us give some relations of bundles over BG we will need. We omit the proofs since they are completely standard and easily follow from the definitions and from Frobenius reciprocity of the transfer in complex K-theory. Let ρ : BH → BG be the double covering ρ = ρ(H, G) and let λ ! = Ind G H (λ) and ν ! = Ind G H (ν) in both cases. Both groups have the same character table. The only difference is in the determinants of λ ! and ν ! , while restrictions, products, and two lemmas below are the same. Namely
and for both cases is easily checked the following Restrictions Product relations
The first relation of iii) suggests that λ ! should be also transferred from some line bundle for the 2-covering corresponding to α. Namely we have Lemma 5.1. Let G = G 36 . There exists a subgroup H ′ ⊂ G 36 and a line bundle
The bundle α restricts to trivial bundle over BH ′ .
Proof. One can choose the group H ′ = b 2 , c, a and the line bundle
We will need also the following three easy facts.
The bundle β restricts to trivial bundle over BK ′ .
Proof. Put K ′ = b, a and ν 
The bundle β restricts to trivial bundle over
Relations of Theorem 3.1. Clearly the relations
are immediate consequences of the bundle relations α 2 = β 2 = γ 2 = 1 for all cases. The 4th and 5th relations follow from (2) and (3) respectively. For the 6th relation
consider the transfer T r ′ * of the double covering ρ : BH ′ → BG in case G 36 and apply formula (1) and Lemma 5.1. Then it follows that the second factor of the relation is the transfer of c 1 (λ ′ ), i.e.,
Similarly, for G 37 apply formula (1) and Lemma 5.3.
In the same spirit, apply formula (1), Lemma 5.2 and Lemma 5.4 for the 7th relation
Now note that the 4th and 6th relations imply a 2 c = ac 2 , the first relations of Theorem 3.1 ii). For this multiply the 4th relation by a and the 6th relation by c. The sum of these terms equals a 2 c + ac 2 up to an invertible factor. Similarly the 5th and 7th relation imply b 2 c = bc 2 , the second relation of Theorem 3.1 ii). Note also
The first one is the consequence of a 2 c = ac 2 and a 
The 8th and 9th relations.
Proof. Let G = G 36 . Consider the diagram
BG
Then the left hand side of our relation is equal to
by Frobenius reciprocity of the transfer
by the double coset formula and Lemma 5.2
by the definitions of β, µ, and T
Similarly
Proof. Consider the diagram
BG
With this notation the left hand side of the above relation is equal to
by Lemma 5.1 and formula (1)
by the double coset formula and Lemma 5.1
by the definitions of α, λ, and T .
For the case of G = G 37 the proof is analogous. We just have to apply Lemma 5.4 and Lemma 5.3.
The same applies to 11th and 12th relations and may be proved for both groups simultaneously. In each case we will arrive at
Therefore we will need that for the involution t ∈ C 2 = G/H one has by Frobenius reciprocity
Here is details for G = G 37 . Apply the diagram (9)
Then the above equality i) gives
Then the second summand is zero by the 6th relation and (6). The third summand is equal to v s b 
Again the second summand is zero by the 7th relation and (6) and the third summand is equal to a The relation cT = 0 is easy.
Now let us prove the 10th relation.
Proof. Let u ′ = tu and v ′ = tv be as above and T r * = T r * γ . Then
Now we apply these formulas and take into account T r * (1)x 1 = T r * (1)y 1 = 0. This gives the quadratic equation in T = T r * γ (uv)
).
Now to get the 10th relation apply cT = 0.
The decompositions for x 1 and y 1 are the consequences of the formula (4) applied to the determinants of ν ! and λ ! .
We need (x 1 x 2 ) For G 36 we have to apply the formula (4) and take into account det(λ ! ) = γ and
For G 37 we have det(λ ! ) = 1 and det(ν ! ) = βγ, hence e(det(λ ! )) = 1 and
Generators. Here we prove the following Denote the restrictions of the generators of Theorem 3.1 to K(s) * (BH) with the same symbols but with bars.
Clearly the composition ρ * T r * = Norm = 1 + involution is onto (F ) C2 : because u 2 = ux 1 −x 2 and v 2 = vȳ 1 −ȳ 2 any polynomial in u, v can be uniquely written as g 0 + g 1 u + g 2 v + g 3 uv where g i = g i (x 1 ,ȳ 1 ,x 2 ,ȳ 2 ). Therefore one can use Fröbenius reciprocity of the transfer and write transfer of any element in T r * (u),T r * (v),T r * (uv), and c, x 1 , x 2 , y 1 , y 2 . Then one can use the formulas (2), (3) for T r * (u), T r * (v) respectively and the decompositions of x 1 and y 1 of Theorem 3.1 and see that ImT r * ⊂ A, where A is the subalgebra in K(s) * (BG) generated by c, a, b, x 2 , y 2 , T .
Then we have to check whether the invariants in T are also covered by ρ * . Let χ s (F C2 ) and χ s (T ) be the K(s) * -Euler characteristics. Then 
